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Extended abstract
Brief introduction
The theory of cluster algebras, introduced by Fomin and Zelevinsky, is connected with
many areas of mathematics. In the representation theory of algebras, the philosophy has
been to provide a categorical interpretation of the main combinatorics, called mutation of
seeds, used to define cluster algebras.
Most of the connections between cluster algebras and representation theory are proved
only in the simply-laced case which corresponds to cluster algebras associated with
skew-symmetric matrices and to representations of quivers. The general case deals with
skew-symmetrizable matrices and one should consider categories over arbitrary fields, and
hence work with representations of modulated quivers.
In this paper and some of our forthcoming work
(Potentials and Jacobian algebras for tensor algebras of bimodules), we investigate
cluster tilting within the framework of 2-Calabi-Yau or exact stably 2-Calabi-Yau
categories C over an arbitrary field k.
Simply-laced preprojective algebras are proven useful to get examples of exact stably
2-Calabi-Yau categories having cluster tilting subcategories without loops or 2-cycles. A
step forward, motivated by this work, could be a further study of the representation
theory of non simply-laced preprojective algebras [10]. A recent account of the study of
preprojective algebras over a non algebraically closed field with respect to cluster tilting is
given in [21, § 4.3].
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Some preliminaries on triangulated and exact categories
Framework and conventions
Fix a ground field k and write D = Homk(-, k) for the standard duality.
An exact category is an additive category endowed with a set of short exact
sequences denoted by L h M f N and satisfying the Quillen’s axioms, see [23]
and [5]. An exact category is Frobenius if it has enough projectives and enough
injective and the projectives coincide with the injectives.
For a triangulated category C, we shall often denote a triangle
X U Y X [1] simply by X U Y and when this happens we also
omit to specify the fourth component a[1] in a morphism of triangle (a,u, b, a[1]).
We also write Ext1C(X ,Y ) = C(X ,Y [1]) ∼= C(X [−1],Y ) for all X ,Y ∈ C.
Calabi-Yau condition. Recall that C is 2-Calabi-Yau (weakly 2-Calabi-Yau in [24]) if
for all objects X ,Y ∈ C we have a functorial isomorphism
D Ext
1
C(X ,Y )
∼ Ext
1
C(Y ,X ), or equivalently, we have a functorial isomorphism
D HomC(X ,Y ) ∼ HomC(Y ,X [2]). Recall from [3] that a stably 2-Calabi-Yau
category is a Hom-finite Frobenius category C whose stable category C, which is a
triangulated category according to [17], is 2-Calabi-Yau.
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Some preliminaries on triangulated and exact categories
Framework and conventions
Assumption: C stands for a Hom-finite Krull-Schmidt k-category which moreover is
assumed to be either triangulated 2-Calabi-Yau or exact stably 2-Calabi-Yau. For all
X ∈ C indecomposable, kX is the residue division algebra of C(X ,X ), in other terms
kX = C(X ,X )/JC(X ,X )
where JC is the (Jacobson) radical bifunctor of C.
By a subcategory of C we always mean an additive full subcategory of C which is
stable by direct summands, direct sums and isomorphisms.
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Some preliminaries on triangulated and exact categories
Octaedral axiom in action in exact categories
Lemma
For any diagram (∆), (∆′), (∆◦) or (∆′◦) below
(∆) : (∆′) : (∆◦) : (∆′◦) :
M Z X
M B N
Y Y
h′ f ′
h f
u′ u
v
pb
,
Y Y
M Z X
M B N
h′ f ′
h f
s ′ s
t′ tpb
,
Y Y
N B M
X Z M
f ◦ h◦
v◦
u◦ po
,
N B M
X Z M
Y Y
f ◦ h◦
t◦
s◦
po
,
in which a short exact plain row ∗ ∗ ∗ and a short exact plain column
∗ ∗ ∗ are given, the dashed morphisms exist and complete the diagram to a
commutative diagram in which the dashed row ∗ ∗ ∗ and the dashed column
∗ ∗ ∗ are also short exact. The square marked by pb (resp., po) is a pull-back
(resp., push-out) square.
Notice that (∆◦) expresses "Noether isomorphism B/N ∼= (B/Y )/(N/Y )" ([5,
Lem 3.5]).
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Some preliminaries on triangulated and exact categories
Triangulated structure of stable categories
In the exact case ( ou category C is then assumed Frobenius), the triangulated structure
of C is given as follows.
For all u ∈ C(X ,Y ) we denote by u ∈ C(X ,Y ) the residue class of u with respect to
the ideal of morphisms in C factoring through projective-injective.
Each object X ∈ C is associated with a chosen short exact sequence denoted by
(iX , pX ) : X
iX
iX
pX X [1] with iX a projective-injective object.
Each short exact sequence (ξ) : X h B f Y defines a standard triangle
(ξ) : X h B f Y δ X [1]
and for all a ∈ C(X ,Z ), the shift a[1] ∈ C(X [1], Z [1]) is given by a′, where
δ ∈ C(Y ,X [1]) and a′ ∈ C(X [1],Z [1]) are any maps occurring as in commutative
diagrams of the forms:
(ξ) : X B Y
(iX , pX ) : X iX X [1]
h f
iX pX
h′ δ and
(iX , pX ) : X iX X [1].
(iZ , pZ ) : Z iZ Z [1].
iX pX
iZ pZ
a α a′
(2.1)
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Some preliminaries on triangulated and exact categories
Triangulated structure of stable categories
We then point out the following observation.
Remark
Keeping above notations, for all X ,Y ∈ C we have a canonical isomorphism
Ext
1
C(Y ,X )
∼ Ext
1
C(Y ,X ) : (ξ) 7→ δ.
Moreover, if X and Y have no projective direct summand, then
JC(X ,Y ) = JC(X ,Y ) = {u : u ∈ JC(X ,Y )}, and in particular, we have a natural
identification of residue k-algebras:
kX
∼ C(X ,X )/JC(X ,X ) : x + JC(X ,X ) 7→ x + JC(X ,X ).
B. Nguefack (Univ Yaounde I) Non-simply laced cluster structures December 2013 6 / 15
Some preliminaries on triangulated and exact categories
Triangulated structure of stable categories
As a consequence of previous remark, the 2-Calabi-Yau condition on C amounts to
the following: we have functorial isomorphisms
D Ext
1
C(X ,Y ) ∼ Ext
1
C(Y ,X ), with X ,Y ∈ C.
The following easy fact is needed.
Lemma
Keeping previous notations, for any endomorphism (a,b, c) of the short exact sequence
(ξ), the residue class (a, b, c, a[1]) is an endomorphism of the induced standard triangle
(ξ).
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Minimal approximation sequences Minimal maps, approximation sequences
Minimal maps
Definition
A morphism f : X Y in C is called right minimal if for any direct summand
U 0 of f we have U = 0. Dually, f is called left minimal if for any direct summand
0 U of f we have U = 0.
The following and its dual version are valid over arbitrary Krull-Schmidt categories.
Lemma
For any morphism f : X Y in C, we have: f right minimal if and only if every
section s such that fs = 0 is zero, if and only if every morphism u such that fu = 0 is a
radical map, if and only if every u ∈ C(X ,X ) such that fu = f is an automorphism.
The following also applies to all Krull-Schmidt categories or Hom-finite categories.
Lemma
Let f ∈ C(X ,Y ). Then there are isomorphisms γ : X1 ⊕ X2 ∼ X and
λ : Y ∼ Y1 ⊕ Y2 such that f γ = [ f ′ 0] : X1 ⊕ X2 Y and
λf =
[
f ′′
0
]
: Y Y1 ⊕ Y2 with f
′ right minimal and f ′′ left minimal.
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Minimal approximation sequences Minimal maps, approximation sequences
Approximation sequences
Let M be a subcategory of C and B ∈M. A map f ∈ C(B,X ) is a right
M-approximation if each object Z ∈M yields an exact sequence
C(Z ,B) f - C(Z ,X ) 0. In addition, it is called minimal if f is right minimal.
We also have the dual notion of (minimal) left M-approximation.
By an extension from Y to X in the exact case (resp., in the triangulated case) we
mean any short exact sequence (resp., any triangle) (ξ) : X h B f Y .
An extension X f Z g Y is called an M-approximation sequence if f is a left
M-approximation and g a right M-approximation. In addition, it is called minimal
if f is left minimal and g right minimal. Notice that minimal approximation
sequences never split.
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Minimal approximation sequences Minimal maps, approximation sequences
Approximation sequences
Remark
Assuming the exact case, let M be the subcategory of C induced by M. Then a short
exact sequence (ξ) : X f Z g Y is an M-approximation sequence (resp., a minimal
M-approximation sequence) if and only if the induced standard triangle (ξ) is an
M-approximation sequence (resp., a minimal M-approximation sequence).
A direct application of previous Lemma yields the following result.
Lemma
Any extension (ξ) : X h B f Y in C is a direct sum of a minimal extension
(ξmin) : X1
h1 B1
f1 Y1 and a split extension (ξ0) : X2
[10] X2 ⊕ Y2
[0 1]
Y2.
Corollary
For any non-split extension (ξ) : X h B f Y in C, if Y is indecomposable then h is a
left minimal radical morphism, if X is indecomposable then f is a right minimal radical
morphism.
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Minimal approximation sequences Minimal maps, approximation sequences
Minimality and Rigid subcategories
We recall (for example from [4, 9, 19]) that a subcategory T ⊂ C is called rigid if
Ext
1
C(X ,Y ) = 0 for all X ,Y ∈ T . It is called cluster tilting if it is functorially finite (i.e.
all X ∈ C admits left and right T -approximations) and
T =
{
X ∈ C : ∀T ∈ T ,Ext1C(X ,T ) = 0
}
(equivalently,
T =
{
X ∈ C : ∀T ∈ T ,Ext1C(T ,X ) = 0
}
).
It is immediate that a cluster tilting subcategory is also rigid.
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Minimal approximation sequences Minimal maps, approximation sequences
Minimality and Rigid subcategories
The following consequence is also derived.
Lemma
Suppose that M⊂ C is rigid and (ξ) : X h U f Y and (ξ′) : Y h
′
U ′ f
′
X are
M-approximation sequences. Then there is a common direct summand X2 ⊕ Y2 of U
and U ′ such that (ξ) is the direct sum of a minimal M-approximation sequence
(ξmin) : X1
h1 U1
f1 Y1 with the split extension X2 X2 ⊕ Y2 Y2, and (ξ
′) is
the direct sum of a minimal M-approximation sequence (ξ′min) : Y1
h′1 U ′1
f ′1 X1 with
the split extension Y2 Y2 ⊕ X2 X2.
B. Nguefack (Univ Yaounde I) Non-simply laced cluster structures December 2013 9 / 15
Minimal approximation sequences Minimal maps, approximation sequences
From minimal approximation sequences to isomorphisms of Division algebras
We also prove the following lemma, crucial for the rest of this section.
Lemma
Let M be a subcategory of C. If (ξ) : X h B f Y and (ξ′) : X ′ h
′
B ′ f
′
Y ′ are
minimal M-approximation sequences then the following assertions hold.
• Any morphism u : X X ′ (resp., v : Y Y ′) extends to a morphism
ϕ : (ξ) (ξ′) of approximation sequences. Moreover, u (resp., v) is an
isomorphism if and only if ϕ is an isomorphism.
• X is indecomposable if and only if Y is. In this case, (ξ) induces an isomorphism
φξ : kX ∼ kY taking u + JC(X ,X ) to v + JC(Y ,Y ) whenever the pair (u, v)
extends to an endomorphism of (ξ).
Specializing to the exact setting, we also prove the following fact.
Lemma
Assuming the exact case, let M be a subcategory of C and (ξ) : X h B f Y a
minimal M-approximation sequence with X and Y indecomposable non-projective. Then
for the induced minimal M-approximation standard triangle (ξ) we have φξ = φξ.
B. Nguefack (Univ Yaounde I) Non-simply laced cluster structures December 2013 10 / 15
Minimal approximation sequences Exchange sequences and irreducible maps
Irreducible maps
We let T be a subcategory of C and remind the reader that, by assumption, T is
full, stable by direct summands, direct sums and isomorphisms. Given any
subcategory X ⊂ T , the factor category T /X is the subcategory of T whose
non-zero objects consist of all objects of T not belonging to X . In case X = add(X )
for some X ∈ T , we simply write T /X for T /X . Let X ,Y ∈ T . We have
JT (X ,Y ) = JC(X ,Y ), and the square J
2
T of the radical bifunctor of T is such that
J
2
T (X ,Y ) =
∑
Z∈T
JC(Z ,Y )JC(X ,Z ) = {vu : ∃Z ∈ T , u ∈ JC(X ,Z ), v ∈ JC(Z ,Y )}.
Next, define the kY -kX -bimodule of T -irreducible morphisms from X to Y to be
IrrT (X ,Y ) = JC(X ,Y )/J
2
T (X ,Y ).
For an indecomposable X ∈ T , the category T is said to have no loop at X if
IrrT (X ,X ) = 0.
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Minimal approximation sequences Exchange sequences and irreducible maps
Irreducible maps
We therefore get the following.
Remark
The category T has no loop at the indecomposable object X if and only if any radical
morphism u ∈ JC(X ,X ) factors through some object in T /X . Consequently, in this case,
any left (resp., right) (T /X )-approximation h : X B (resp., f : B X ) is left
almost split (resp., right almost split).
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Minimal approximation sequences Exchange sequences and irreducible maps
Exchange sequences
Definition
For a subcategory M of C, a minimal M-approximation sequence (ξ) : X B Y is
called an exchange sequence if X is indecomposable, X 6∈ M and add(X ,M) is rigid, or,
equivalently, Y is indecomposable, Y 6∈ M and add(Y ,M) is rigid. More precisely, (ξ) is
called an exchange sequence from add(X ,M) to add(Y ,M).
Lemma
Let (ξ) : X h B f Y be an exchange sequence from a rigid subcategory T to a rigid
subcategory T ′ of C. Then the following are equivalent:
(a) The category T has no loop at X .
(b) The category T ′ has no loop at Y .
(c) Ext1C(Y ,X ) ∼= kX ∼= kY .
Moreover, in this case, any non-split extension from Y to X is isomorphic to (ξ).
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Minimal approximation sequences Exchange sequences and irreducible maps
Trace maps play a determinant role
A k-linear trace on K is a central element of the standard dual bimodule D(K).
Remark
Any finite-dimensional division k-algebra has a non-zero trace. In particular, for
finite-dimensional division k-algebras K and K′ and for any K-K′-bimodule B
(finite-dimensional over k), the choice of two non-zero traces t ∈ D(K) and t′ ∈ D(K′)
induces canonical isomorphisms
HomK(B,K)
∼
D(B) : u 7→ t ◦ u, HomK′(B,K
′) ∼ D(B) : u 7→ t′ ◦ u
from the left dual (resp., right dual) of B to its standard dual.
We now prove the following connection between exchange sequences and bimodules of
irreducible maps.
Proposition
Let (ξ) : M h B f M ′ be an exchange sequence between rigid subcategories T and
T ′ and assume that T has no loop at M. Under the canonical isomorphism
φξ : kM kM′ , for all X ∈ T ∩ T
′ we have an isomorphism of kM-kX -bimodules
φξ,X : IrrT ′(X ,M
′) ∼ DIrrT (M,X ).
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Minimal approximation sequences Exchange sequences and irreducible maps
Trace maps play a determinant role
Proof.
Let X ∈ T ∩ T ′ be indecomposable, put MBX = IrrT (M,X ) and
XBM′ = φIrrT ′(X ,M
′). For all u ∈ JC(M,X ) and v ∈ JC(X ,M
′), put
u˜ = u + J2T (M,X ) and v˜ = v + J
2
T ′(X ,M
′).
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Minimal approximation sequences Exchange sequences and irreducible maps
Trace maps play a determinant role
Proof.
Thus, in view of Remark ??, h is left minimal almost split in T while f is right
minimal almost split in T ′. Hence, for any two radical maps u ∈ JC(M,X ) and
v ∈ JC(X ,M
′) as before and all a ∈ C(M,M), invoking the factorization property of
h and f together with Lemma 3.6 we get a commutative diagram with the following
shape:
X
(ξ) : M B M ′
(ξ) : M B M ′
X
h f
h f
u
v
a a′
v∗
b
u∗
(D1)
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Trace maps play a determinant role
Proof.
We claim that there is an isomorphism of kM-kX -bimodules given by
ϕ : XBM′ HomkX (MBX , kX ) : v˜ 7→ (u˜ 7→ ϕ(v˜)(u˜) = u∗v∗).
................................
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Main statements
Comaptible exchange sequences and generalized cluster structures
To each subcategory T of C can be associated the following combinatorial data.
Definition
The exchange matrix of T is the (not necessarily finite) matrix B(T ) which has
coefficients
bX,Y = dimkX IrrT (X ,Y )− dimkX IrrT (Y ,X )
for all X ,Y ∈ indT , Y being non-projective (in the exact case).
The principal part of the exchange matrix B(T ) is skew symmetrizable via the diagonal
matrix with coefficients dimk(kX ) for X indecomposable non-projective.
Notice that the exchange matrix B(T ) uniquely determines the valued quiver (or the
quiver in the simply-laced case) of T .
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Main statements
Comaptible exchange sequences and generalized cluster structures
Now let M ∈ ind T and suppose that we have two exchange sequences
(ξ) : M∗ B M and (ξ′) : M B ′ M∗ relating T to a subcategory
T ∗ = add(T /M,M∗) for some indecomposable object M∗ 6∈ T . When T and T ∗ are
cluster tilting, it is proved in the simply-laced context of [3, Theorem 1.6] that B(T ) is
related to B(T ∗) via the Fomin-Zelevinsky mutation [13]. But when the base field k is
not algebraically closed, the matrix B(T ) alone does not give enough information about
irreducible maps in T , the corresponding information is encoded by the modulated quiver
of T , (see for example [11] for the notion of modulated quiver).
Then, we introduce the following notion of compatibility in order to get a more finer
relation between bimodules of irreducible maps in T and in T ∗.
Definition
The exchange sequences (ξ) and (ξ′) are called compatible if the induced isomorphisms
φξ : kM∗ kM and φξ′ : kM kM∗ and are inverse from each other.
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Main statements
Comaptible exchange sequences and generalized cluster structures
The following proposition sheds more light on the compatibility between exchange
sequences (ξ) and (ξ′); they may fail to be compatible especially when the residue
division algebra kM is not commutative.
Proposition
Suppose that (η) : M B ′′ M∗ is another exchange sequence from T to T ∗. Then
any a ∈ C(M,M) extends to endomorphisms (c, b, a) : (ξ) (ξ), (a, b′, c ′) : (ξ′) (ξ′)
and (a,u−1b′u, λ−1c ′λ) : (η) (η) such that c − c ′ ∈ JC(M
∗,M∗), λ is an
automorphism of M∗ and u ∈ C(B ′,B ′′) is an isomorphism. Thus, when kM is
commutative, any two exchange sequences M∗ U M and M U ′ M∗
relating T and T ∗ are compatible. This is the case if k is algebraically closed.
Cluster structure. The notion of cluster structure in the present framework is a natural
generalization of the one from [3], along the above lines. Mutation of quivers from [3]
should be replaced by mutation of skew symmetrizable matrices and exchange sequences
are required to be compatible. Recall that in the simply laced context of [3], exchange
sequences are automatically compatible according to previous Proposition.
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Main statements
Theorem ([20, Theorem 5.3] Iyama-Yoshino)
Let M be a subcategory of C and M ∈ CrM be indecomposable (non-projective in the
exact case), such that T = add(X ,M) is cluster tilting. Then there is a unique (up to
isomorphism) M∗ ∈ CrT indecomposable such that the subcategory
µM(T ) = add(M
∗,M) is also cluster tilting. Moreover, there exist exchange sequences
(ξ) : M∗ B M and (ξ′) : M B ′ M∗ relating T and µM(T ).
The subcategory T ∗ = µM(T ) is called the mutation of T at M and we also have
T = µM∗(T
∗).
Our first contribution then specializes Iyama-Yoshino Theorem in this context as follows.
Proposition
If T has no loop at M, then exchange sequences (ξ) and (ξ′) can be chosen to be
compatible.
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Main statements
Before stating the next result of this paper, recall that T has no 2-cycle if for any
X ,Y ∈ T indecomposable, either IrrT (X ,Y ) = 0, either IrrT (Y ,X ) = 0.
Theorem
If T is a cluster tilting subcategory of C without loop or 2-cycle, and T ∗ the mutation of
T at some M ∈ ind T then
B(T ∗) = µM(B(T )).
We should emphasize that the main contribution of this work is two fold:
Our main Theorem compares exchange matrices (or equivalently, valued quivers) of
T and T ∗ using Fomin-Zelevinsky mutation.
The existence of compatible exchange sequences given by the Proposition more
above is crucial fro describing bimodules of irreducible maps in T ∗, indeed this result
yields a first step to describe the modulated quiver of T ∗ using that of T .
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Main statements
We get the following consequence where we use [4, Proposition 6.14] for the second
part.
Corollary
Suppose that none of cluster tilting subcategories of C have loop or 2-cycle. Then C has
a cluster structure induced by its cluster tilting subcategories. In particular, it is the case
for cluster categories associated with finite dimensional hereditary algebras.
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